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Modeling triangular titration fronts in the O 2¿H2 reaction on a catalytic
Rh„111… surface
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We present a model for the titration of an oxygen saturated catalytic Rh~111! surface with hydrogen.
Oxygen is removed by reaction-diffusion fronts. Experimentally, these fronts have been observed to
be either isotropic or triangular depending on the conditions of preparation of the oxygen layer as
well as on temperature and hydrogen pressure. If we model only the surface reaction and the
diffusion of hydrogen, we obtain isotropic fronts with velocities in the range of 2–3mm s21. These
results are in line with experimental measurements for surfaces exposed to oxygen for a short
period. To correctly reproduce the possible triangular shape of the titration fronts and the smaller
front velocities of 0.1–1mm s21 for experiments with the surface exposed to oxygen for a long time
(.1 h!, we have to include the formation of a subsurface oxygen-rich phase and its removal. It is
assumed that the phase transition between the oxygen-rich and oxygen-free subsurface phases
occurs via front propagation, and the front speed has triangular symmetry compatible with the
symmetry of the crystalline bulk. By fitting parameters describing the propagation of the phase
transition front, its anisotropy and its coupling to the reaction-diffusion front on the surface, we have
been able to quantitatively reproduce all experimental observations presented by Schaak and Imbihl
in Chem. Phys. Lett.283, 386 ~1998!. © 2002 American Institute of Physics.
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I. INTRODUCTION

Spontaneous formation of spatial structures and non
ear waves is observed in chemical reactions in solution~ho-
mogeneous catalysis! as well as in surface reactions~hetero-
geneous catalysis!.1 While concentration patterns in th
Belousov–Zhabotinsky and other homogeneously cataly
liquid phase reactions were discovered already around 192

pattern formation in heterogeneous catalysis3 has been stud
ied systematically only after the arrival of the photoemiss
electron microscope~PEEM!.4 Surface catalysis has pro
vided not only a truly two-dimensional system, but also
troduced new aspects like anisotropy5 and global coupling6–8

into the field of pattern formation. Experiments have
vealed square-shaped patterns9,10 and traveling fragments11

in the reaction of NO1H2 on a Rh~110! surface and more
recently triangular fronts12 in the O21H2 reaction on a
Rh~111! surface as new phenomena due to anisotropy.

Square-shaped patterns10,13–15and traveling fragments11

have been modeled with reaction-diffusion equations t
contain anisotropic and coverage dependent diffusion co
cients. An analysis of a reaction-diffusion model with com
peting anisotropic diffusion processes led to the discover
further novel phenomena including stratified spatiotempo
chaos16 and suppression of labyrinthine patterns.17 In all
these models, diffusion is assumed to be anisotropic a

a!Also at: Minerva Center for Nonlinear Physics of Complex Systems,
Institute of Catalysis Science and Technology, Technion; 32000 Tech
City, Haifa, Israel; electronic mail: pismen@tx.technion.ac.il
4470021-9606/2002/117(9)/4473/6/$19.00
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result of the anisotropy of the catalytic surface, e.g.,
~110! surface. In contrast, surface diffusion is isotropic
the Rh~111! surface. Consequently, anisotropic surface dif
sion is ruled out as an explanation for the triangular fro
which appear between patches of surface H resp. O and w
reported in Ref. 12~see Fig. 1!.

In the latter work, a Rh~111! surface is covered with
oxygen for a defined exposure time. Then, oxygen flow i
the reaction chamber is closed and hydrogen is added w
constant gas phase pressure. This leads to a reactive rem
of the oxygen by hydrogen~titration! and eventually to a
hydrogen covered surface. A closer look at the experim
shows that triangular fronts only form after a sufficiently
long exposure of the sample to oxygen~.1 h!, while for
short exposure times, isotropic and much faster fronts
observed. Triangular fronts are seen for high hydrogen p
sures or low temperatures. In addition, it is known tha
subsurface oxygen layer is formed during front propagat
in the O21H2 reaction on Rh~111!.18 These experiments hav
been successfully modeled by a reaction-diffusion sys
that is based on the elementary steps of the surface rea
and allows a local exchange of oxygen between the adso
layer and a subsurface layer.19 Subsurface oxygen also play
a role in pattern formation in the CO oxidation o
Pt~110!.20,21

Here, we propose a model that includes also the effec
subsurface oxygen on the propagation of the hydrogen f
during the titration experiments.12 The model is based on th
mechanism of the surface reaction between oxygen and

d
n

3 © 2002 American Institute of Physics
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4474 J. Chem. Phys., Vol. 117, No. 9, 1 September 2002 Monine et al.
drogen that leads to water formation and hydrogen surf
diffusion. It allows an exchange of oxygen between surfa
and bulk. We assume that a subsurface oxygen layer
form during the long exposure to oxygen. This subsurfa
oxygen-rich phase is removed during the titration and
phase transition to the pure bulk phase propagates v
phase transition front. The propagation of this front is
fected by the microscopic structure and reflects the mic
scopic tetrahedron structure of the Rh crystal~see Fig. 2!,
while the surface diffusion of hydrogen occurs on a hexa
nal lattice and is thus well described by an isotropic diffus
operator. We assume that as the subsurface oxygen ris
the surface it is influenced by the tetrahedral atomic struc
in the crystal bulk. This causes the subsurface front to spr
with different velocities depending on its orientation wi
respect to the crystal axes. The angular dependence o
front velocity obeys a triangular symmetry.

Altogether, our model describes the coupling between
isotropic reaction-diffusion process on the surface with
anisotropic phase transition front~with triangular symmetry!
proceeding from the oxygen-rich to the pure phase in
subsurface layer. The coupling is mutual; the release of s
surface oxygen slows down the hydrogen titration front
the surface, while the phase transition front propagates o
as a result of the subsurface transport towards the surf
The details of the model and its derivation will be describ
in Sec. II. In Sec. III, numerical simulations of the model

FIG. 1. PEEM images showing triangular and circular front geomet
during the titration of the~838!-O structure on Rh~111! with hydrogen
(pH2

55.631027 mbar! at varying temperatures.~Reprinted from Ref. 12.!

FIG. 2. Structural model of the two upper Rh~111! surface layers formed by
a tetrahedron structure.~Reprinted from Ref. 12.!
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one and two dimensions are performed and compared
great detail to the experimental results.12 While most rate
constants for the adsorption of hydrogen and the reactio
hydrogen and oxygen are known from other experimen
assumptions on the speed of the phase transition front
the degree of anisotropy have to be made. The system
experimental investigations of propagation speed of the
drogen titration front on the surface and the degree of
anisotropy as a function of the control parameters
temperature and hydrogen pressure—allow us to fit th
unknown parameters in the model. In general, we find t
the slower front ‘‘enslaves’’ the faster one and characteri
the observed pattern. For high temperatures and low hy
gen pressures, isotropic patterns are observed, because
the titration front is slower than the phase transition fro
For the opposite limits of control parameters, triangular p
terns are found because the subsurface oxygen front s
down the titration front and imposes its triangular shape
it. In all cases, the front velocities are considerably smalle
the surface is pretreated with oxygen and a coupling to s
surface oxygen removal affects the titration process. T
could be expected for the case where the subsurface f
enslaves the hydrogen front on the surface, but comes
surprise for the opposite case. A concise summary and
cussion is given at the end of the article.

The proposed model shows that the microscopic sym
try of the crystal can affect reaction-diffusion fronts on t
surface, provided that they are coupled to the removal o
bulk subsurface oxygen phase. This mechanism for the
mation of patterns with broken rotational symmetry is qua
tatively different from the impact of anisotropic surface d
fusion on Rh~110! and Pt~110! reported in the past.

II. THE MODEL

The proposed model is based on the kinetics of
hydrogen–oxygen reaction on a catalytic surface. The
sumed reaction scheme for water formation reads22

H212*→2Had, O212*→2Oad,

Oad1Had→OHad1*, OHad1Had→H2O12*.

The reversible formation of subsurface oxygen is added

FIG. 3. Plot of the normal vectorn52cos 3f modeling the triangular an-
isotropy.

s
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4475J. Chem. Phys., Vol. 117, No. 9, 1 September 2002 Modeling the O21H2 reaction on Rh(111)
Oad
Osub1*.

For simplicity, we have neglected desorption processes.
also assumed that the first step of the reaction, the forma
of OHad, is the rate limiting step. During the titration proce
the rate of oxygen adsorption is zero. The concentration
subsurface oxygen is difficult to determine, since it is n
known how deep oxygen penetrates into the bulk of the
crystal. Instead, we assume that there is a subsurface oxy
rich phase in the bulk underneath a completely oxygen c
ered surface, given a long enough dosage of the oxygen
fore the titration. For short dosage times, only the surfac
covered with oxygen and the bulk is in the pure Rh phase
the surface oxygen is removed, the subsurface oxygen
regates to the surface.

Characterization of a subsurface oxygen layer as aphase
with a definite crystalline symmetry~though possibly differ-
ent from that of a bulk oxide! is supported both by x-ray
photoelectron diffraction data23 and computations by mean
of the density-functional theory.24 These studies reveal aniso
tropic crystalline structure of the subsurface layer with thr
fold symmetry, as well as the tendency to the agglomera
of the subsurface species. According to the interpretation
x-ray data,23 subsurface oxygen atoms preferentially occu
octahedral sites between the first and second Rh layer,
underneath the face-centered cubic~fcc! surface adsorption
sites. The theoretical study24 concludes, however, that thi
configuration is metastable, whereas tetrahedral subsur
configuration is energetically favorable. Irrespectively to d
agreement in crystallographic details, the subsurface ph
acquires three-fold~triangular! symmetry, which is a conse
quence of the tetrahedral local structure of the fcc Rh crys
It is qualitatively different from the six-fold~hexagonal!
symmetry of a single layer forming a~111! crystal face.

It is clear that only the influence of the bulk crystallin
structure may be responsible for surface patterns with a
angular symmetry, such as triangular titration fronts of h
drogen that remove surface oxygen observed in
experiment.12 This symmetry is also observed, in particula
in triangular faceting patterns obtained in simulations of
netically controlled crystal growth of fcc crystals.25 A higher
hexagonal symmetry in the~111! plane can be broken onl
due to bulk effects and, therefore, triangular symmetry
impossible as long as oxygen adsorbs on the surface and
arise when subsurface oxygen is present. This well ag
with the fact that triangular shapes were observed only
lowing a long exposure to oxygen when subsurface abs
tion occurred.

In accordance with this, we base our model on the
sumption that subsurface oxygen forms aphaseseparated
from oxygen-free metal by a boundary, which possesses
isotropic line tension and is sharp when viewed on a mac
scopic scale. When the surface adsorption layer is parti
removed in the course of a titration experiment, a phase t
sition occurs, and the phase transition front propagates
isotropically, obeying a triangular symmetry in the~111!
plane induced by the structure of the bulk phase. The fr
speed depends on the magnitude of the segregation
which, in turn, depends on the local surface concentratio
Downloaded 03 Sep 2002 to 150.203.180.81. Redistribution subject to A
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the adsorbed species, and has triangular anisotropy com
ible with the bulk structure.

Adding up all these ingredients, the model equatio
read

]uH

]t
5k1pH2S 12

uO

uO
sat

2uHD 2

22k3uOuH1DH¹2uH ,

~1!

]uO

]t
5k2J~uO

sat2uO!2k3uOuH , ~2!

whereuO anduH are the surface concentrations of Oad and
Had, andJ is a subsurface oxygen stepfunction:

J5H 1, for the phase with the subsurface oxygen

0, for the phase without the subsurface species
~3!

The expression for the angle-dependent speedcn(f) of
the phase transition front is

cn~f!5c0~11a0 cos 3f!~uO
sat2uO!. ~4!

By our definition, the velocity is positive when the oxyge
free state advances~see Figs. 3 and 4!. If we assume that the
oxygen gradient (uO

sat2uO) in the aforementioned formula i
constant, we can apply the criterion for formation of sha
cornerscn(f)1d2cn(f)/df2,0 ~compare Ref. 13! to the
phase transition front. One easily finds that sharp corn
form if a0.1/8. This relation implies that the ratiov of
side-to-corner velocity fulfillsv5cside/ccorner,7/9'0.778.
This oversimplified argument is indeed in reasonable ag
ment with the measurements presented in Fig. 1; for the
angular shapes atT5490 K resp.T5510 K, experiments
reportv50.70 resp.v50.73, whilev50.85 is measured for
the weakly elliptic, almost isotropic titration front atT
5530 K. Below, we shall usea050.2, which is not only
consistent with the experimental observations, but also
plies a triangular phase transition front, under conditio
when the coupling to the surface processes can be negle

The algorithm for the simulation combines the numeric
solution of Eqs.~1! and~2! with Eq. ~3! on a square grid with
Lagrangian propagation of the phase transition front acco

FIG. 4. The interphase boundary and surface grid.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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4476 J. Chem. Phys., Vol. 117, No. 9, 1 September 2002 Monine et al.
ing to Eq.~4!. The details are presented in Appendix A. T
results of the computations will be further compared in de
with the experimental data of the ratio between side a
corner velocities of the titration fronts.12

III. NUMERICAL RESULTS

The parameter values used in the following compu
tions are presented in Tables I and II. First, the simulati
have been carried out in one dimension for different orien
tions f in order to obtain the front speed dependence oT
andpH2

and estimate the parameters of Eq.~4!. In this com-
putation,¹2uH in Eq. ~1! is replaced by the second deriv
tive ]2uH /]x2. In the simulation withk250 ~pure phase! the
front propagates isotropically and fast. As seen in Fig. 5~a!,
the simulation somewhat underestimates the increase o
front speed with growing temperature. A possible reason
the neglected temperature dependence of the hydrogen s
ing coefficient that enters the adsorption ratek1 : We have
used the data from Ref. 26, wherek15constant, while it is
likely to be T activated. When the subsurface oxygen is
cluded in the model, the front propagation is delayed sign
cantly, and anisotropy is observed. Assuming triangular s
metry described by the angle-dependent function in Eq.~4!,
we need to compute the velocity of the ‘‘corner’’ and ‘‘side
fronts

cn5c0~11a0n!~uO
sat2uO!, where H nside521,

ncorner51.
~5!

The ratio cside/ccorner will serve to indicate the anisotrop
(cside/ccorner'1 for the circular front andcside/ccorner,1 for
the triangular one!. Since we have no data describing t
nature of the Osub→Oad transition, the coefficientsk2 , c0 ,
anda0 have been fitted. The comparison of experiments w
the simulations is shown in Figs. 5~b! and 5~c!. Note, that the
front velocities in the model with the subsurface oxyg
phase in Fig. 5~b! are considerably lower than the veloci
for the pure surface reaction withk250 in Fig. 5~a!. It is
instructive to consider the change of the temperature de
dent velocity coefficientc0 that governs the speed of th
phase transition. ForT5460 K, we havec0'0.06 mm s21,

TABLE I. Basic constants of the model,ki5v i
0 exp(2 Ei

a/RT).

ki Preexponential factor,v i
0

Activation
energy,

Ei
a ~kJ/mol!

Reference
No.

H2 adsorption,k1 2.223105 ML s21 mbar21 ••• 26
oxygen transport,k2 131013 s21 120 •••
Had1Oad reaction,k3 131013 ML21 s21 110 26
Had diffusion, DH 0.25 mm2 s21 18 27
velocity, c0 0.4531013 mm s21 120 •••

TABLE II. Other coefficients.

Coefficient Value

Surface oxygen fraction at saturation,uO
sat 1

Anisotropy coefficient,a0 0.2
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whereas forT5530 K, one getsc0'7.44mm s21. Thus, the
phase transition front is strongly temperature depend
while the titration front in the case without subsurface ox
gen is only weakly temperature dependent: it changes f
'2.2mm s21 at T5460 K to'3.0mm s21 at T5530 K @see
Fig. 5~a!#. These data also indicate that it is faster~slower!
than the triangular phase transition front at low~high! tem-
peratures. Interestingly, this change coincides with a cha
of the morphology from triangular to isotropic fronts if th
two processes are coupled. From this, we can conclude
the slower front determines the morphology of both fronts
the case where both fronts are coupled.

The profiles ofuH anduO in one-dimensinal~1D! simu-
lations are shown in Fig. 6. At lowT, the oxygen coverage a
the front position is far from the saturation value 1 and h
drogen has penetrated the area where the oxygen-rich
surface phase is present, while at highT, the oxygen cover-

FIG. 5. Dependence of the front velocity onT and pH2
for two differently

prepared oxygen covered surfaces: nonoxidized~a! and oxidized surface@~b!
and ~c!#.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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4477J. Chem. Phys., Vol. 117, No. 9, 1 September 2002 Modeling the O21H2 reaction on Rh(111)
age at the front is close to unity and subsurface oxyge
practically absent beneath the area where hydrogen is
sorbed. These front shapes indicate that the visible and
perimentally recorded surface titration front is slowed do
and adjusts to the invisible phase transition front at lowT,
while it is itself slowing the phase transition front at highT,
in line with the above reasoning. The front speed has b
measured as a mean value ofcn . Despite the fact that the
O-free part of the surface is still not saturated by hydrog
the front speed can be assumed as ‘‘stationary’’ after the f
passes a transient. The duration of this transient has b
determined from numerical tests. An example of front spe
relaxation is shown in Fig. 7.

The variation of the experimental conditions does n
cause changes in the crystal anisotropy, i.e., the rate of
Osub→Oad transport (k2) remains homogeneous over the e
tire surface. The anisotropy reveals itself due to reaction
netics when the slow progress of the phase transition f
~small k2 , DH2

low T) delays the front propagation. Unde
these conditions, the anisotropy of the Osub→Oad transition is
pronounced, and the front has the triangular shape~regime I!.
On the contrary, relatively faster progress of the phase t
sition front ~big k2, high T) is hindered by the slower titra

FIG. 6. Front profiles obtained in 1D simulations for different temperatu
at constant hydrogen pressures, corresponding profiles from 2D simula
are almost indistinguishable. Inset: the final 2D shape atT5450 K ~triangle!
andT5530 K ~circle!.

FIG. 7. The front speed transient affected byuH coverage. Insert: the origi-
nal circular front shape and its transformation to the triangular one.
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tion front propagation, which then leads to a circular fro
shape~regime II!. The hydrogen pressure accelerates
front velocity proportionally toApH2

.28 This experimental
observation is in agreement with the model results prese
in Fig. 5~c!. An increase ofpH2

causes fast propagation of th
hydrogen front, then the phase transition has limiting eff
~regime I!, therefore, the front exhibits the triangular shap
At low pH2

, the regime II is reproduced. Two-dimension
~2D! simulations are in a good agreement with the 1D c
culations and experiments~see Figs. 1 and 8!. A decrease of
T and increase ofpH2

lead to a more pronounced anisotrop
of propagating fronts, as seen in Fig. 8. The 1D sections
the 2D simulation results through the midside and corner~at
y50) almost coincide with 1D results.

IV. CONCLUSIONS

We have introduced a model for triangular titratio
fronts in the hydrogen–oxygen reaction on Rh~111!. The
model comprises hydrogen adsorption, reaction of O an
and isotropic hydrogen surface diffusion. In addition, we h
to take into account the formation of a subsurface oxyg
rich phase, flux of subsurface oxygen onto the oxygen-fr
surface, and a triangular anisotropy of the propagation sp
of the phase transition front between the oxygen-rich a
oxygen-free subsurface phases.

Apart from the external control parameters—hydrog
pressurepH2

and surface temperatureT—the model contains
the parameters describing the oxygen segregation betw
the subsurface phase and surface and the mean veloci
well as the anisotropy parameter for the phase transi
front. The anisotropy parameter, i.e., the ratio between
side and corner velocity of the triangular phase transit
front, has been estimated to be roughly 2/3 from the larg

s
ns

FIG. 8. 2D simulation of developing triangular shaped fronts at differ
conditions. The gray-scale images show surface oxygen distributionuO

50 inside the spots~white area! anduO51 outside~black area!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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4478 J. Chem. Phys., Vol. 117, No. 9, 1 September 2002 Monine et al.
observed anisotropy of the experimental titration fronts,
Ref. 12 and data reproduced in Fig. 5~c!. The velocity coef-
ficient c0 in the aforementioned model equation is assum
to be thermally activated. It is proportional to the flow
oxygen from the bulk to the surface described by the r
constantk2 . When the temperature decreases or the hyd
gen pressure increases, the phase transition front is m
slower than the reaction-diffusion front on the surface, wh
is mostly driven by hydrogen diffusion. In this case, it e
slaves the titration front on the surface and imposes its tr
gular shape upon the latter front. In the opposite case,
titration front restores the isotropy and dominates the ph
transition front. Altogether, we find that if two fronts wit
different morphologies are coupled, the slower one prese
its shape. The relative magnitude of the respective veloc
assigned to the phase transition front and the react
diffusion front on the surface in the uncoupled case lead
the change from triangular to isotropic titration front shap
reported in Ref. 12.
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APPENDIX A: ALGORITHM

The computations have been carried out according to
following scheme~see also Fig. 4!:

~1! Set the polygon of the front interface points~circle of
radiusr ), definepH2

, T and initial coverages at the gri
nodes as follows: Inside the front interface:uOi , j50,
uHi , j50; outside the front interface:uOi , j5uO

sat, uHi , j

50.
~2! Update the subsurface oxygen matrix on the grid:Ji , j

50—inside the front,Ji , j51—outside.
~3! Solve the partial differential equation foruH by means of

an implicit scheme and the ordinary differential equati
for uO by a fourth-order Runge–Kutta method. Boun
ary conditions:]uH /]x50, ]uH /]y50.

~4! When the tag of the front interface pointsk runs from 0
to K, interpolateuOk at the positions$xk

old , yk
old%, com-

pute cnk and update eachk-point position of the front
interface as:

xk
new5xk

old1nxkcnkDt, yk
new5yk

old1nykcnkDt,

wherenxk
21nyk

251.
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~5! The boundary points are separated by distancesdk,k11 .
Check the front interface: ifdmin,dk,k11,dmax, go to
step 5, otherwise, add/remove points of the front int
face.

~6! Output: uHi , j , uOi , j , Ji , j , array of the front interface
points$xk , yk%. Return to step 1.
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